
New bounds and constructions for
neighbor-locating colorings of graphs

D Chakraborty, F Foucaud, S Nandi, S Sen, D K Supraja ∗

February 10, 2023
∗ Indian Institute of Technology Dharwad



Neighbor-locating coloring



Introduction

• Behtoei et al. (2014) → Adjacency-locating coloring.

• Alcon et al. (2019) → Neighbor-locating coloring.
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Who is a color-neighbor?

If i is the color of a neighbor of a vertex u then i is a color
neighbor of u.

Example:
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Color neighbors of x�{1}
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Neighbor locating k-coloring

A proper k-coloring
of G in which ver-
tices with the same
color see different
sets of color neigh-
bors.

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 12 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3}

{1, 2} {1, 2}

{2}

{3}

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 42 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3, 4}

{1, 2} {1, 2, 4}

{2}

{3}

4 / 17



Neighbor locating k-coloring

A proper k-coloring
of G in which ver-
tices with the same
color see different
sets of color neigh-
bors.

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 12 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3}

{1, 2} {1, 2}

{2}

{3}

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 42 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3, 4}

{1, 2} {1, 2, 4}

{2}

{3}

4 / 17



Neighbor locating k-coloring

A proper k-coloring
of G in which ver-
tices with the same
color see different
sets of color neigh-
bors.

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 12 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3}

{1, 2} {1, 2}

{2}

{3}

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 42 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3, 4}

{1, 2} {1, 2, 4}

{2}

{3}

4 / 17



Neighbor locating k-coloring

A proper k-coloring
of G in which ver-
tices with the same
color see different
sets of color neigh-
bors.

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 12 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3}

{1, 2} {1, 2}

{2}

{3}

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 42 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3, 4}

{1, 2} {1, 2, 4}

{2}

{3}

4 / 17



Neighbor locating k-coloring

A proper k-coloring
of G in which ver-
tices with the same
color see different
sets of color neigh-
bors.

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 12 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3}

{1, 2} {1, 2}

{2}

{3}

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 42 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3, 4}

{1, 2} {1, 2, 4}

{2}

{3}

4 / 17



Neighbor locating k-coloring

A proper k-coloring
of G in which ver-
tices with the same
color see different
sets of color neigh-
bors.

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 12 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3}

{1, 2} {1, 2}

{2}

{3}

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 42 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3, 4}

{1, 2} {1, 2, 4}

{2}

{3}

4 / 17



Neighbor locating k-coloring

A proper k-coloring
of G in which ver-
tices with the same
color see different
sets of color neigh-
bors.

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 12 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3}

{1, 2} {1, 2}

{2}

{3}

u1 u2

u3

u4 u5

u6

u7

u8

u1 u2

u3

u4 u5

u6

u7

u8

1 42 2

3 3

1

1

{2, 3} {2, 3}{1, 3} {1, 3, 4}

{1, 2} {1, 2, 4}

{2}

{3}

4 / 17



Neighbor-locating chromatic number

χNL(G) = min{k : G admits a neighbor-locating k-coloring}.

Example: χNL(G) = 4.
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Locating coloring



Locating k-coloring

A proper k-coloring of
G in which for ev-
ery pair of distinct ver-
tices x and y having
same color, d(x, Si) ̸=
d(y, Si) for some color
class Si.

Locating chromatic number:
χL(G) = min{k :

G admits a locating k-coloring}.
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Comparing ordinary coloring,
locating coloring and
neighbor-locating coloring



Observations

False twins receive different colors under a neighbor-
locating coloring and locating coloring.

u

v

N(u) = N(v)
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Observations

Every neighbor-locating coloring is a locating coloring.
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Observations

Every neighbor-locating coloring is a locating coloring.
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If H ⊆ G, then χ(H) ≤ χ(G).

Does this hold for locating and neighbor-locating col-
oring?
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Theorem 1
For every k ≥ 0, there exists a graph Gk having an
induced subgraph Hk such that χL(Hk)− χL(Gk) = k and
χNL(Hk)− χNL(Gk) = k.
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χ(G) ≤ χL(G) ≤ χNL(G)

Can the gaps among the above three parameters be arbitrarily
large?

Theorem 2
For all 2 ≤ p ≤ q ≤ r, except when p = q = 2 and
r > 2, there exists a connected graph Gp,q,r satisfying
χ(Gp,q,r) = p, χL(Gp,q,r) = q, and χNL(Gp,q,r) = r.
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Bounds and constructions for
sparse graphs



Sparse graphs

A graph on n vertices with O(n) number of edges.

Examples:
(1) Trees → (n − 1) edges.
(2) Planar graphs → at most (3n − 6) edges.
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Bound for sparse graphs

Theorem 3

Let G be a connected graph on n vertices and m edges
such that m ≤ an + b, where 2a is a positive integer and
2b is an integer. If χNL(G) = k, then

n ≤ 2b + k
2a∑

i=1

(2a + 1 − i)
(

k − 1
i

)
.
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G upper bound on n

Connected graph k(2k−1 − 1) [Alcon et al.]

Maximum degree ∆ O(k∆+1) [Alcon et al.]

Tree k3+k2−2k−4
2

Planar graph O(k7)

Cactus k4+11k2−12k−6
6

Unicyclic k3+k2−2k
2
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Asymptotic tightness of the obtained bound

Theorem 4
Let 2a be a positive integer and let 2b be an integer.
Then, there exists a graph G on n vertices and m edges
satisfying m ≤ an + b such that n = Θ(k2a+1) and
χNL(G) = Θ(k). Moreover, when b = 0, G can be taken
to be of maximum degree 2a.
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Open problems

1. Construct graphs which exactly attain the bound.

2. Characterize the graphs for which χ(G) = χNL(G).

3. Characterize the graphs for which χL(G) = χNL(G).

4. Find the neighbor-locating chromatic number for trees.
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THANK YOU
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